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The magnetic ground-state properties of the periodic Anderson model with a regular depletion
of the correlated sites are analyzed within different theoretical approaches. We consider the model
on the one-dimensional chain and on the two-dimensional square lattice with hopping between
nearest neighbors. At half-filling and with correlated impurities present at every second site, the
depleted Anderson lattice is the most simple system where the indirect magnetic coupling mediated
by the conduction electrons is ferromagnetic. We discuss the underlying electronic structure and the
possible mechanisms that result in ferromagnetic long-range order. To this end, different numerical
and analytical concepts are applied to the depleted Anderson and also to the related depleted
Kondo lattice and are contrasted with each other. This includes numerical approaches, i.e. Hartree-
Fock theory, density-matrix renormalization and dynamical mean-field theory, as well as analytical
concepts, namely a variant of the Lieb-Mattis theorem and the concept of flat-band ferromagnetism,
and finally perturbative approaches, i.e. the effective RKKY exchange in the limit of weak and the
“inverse indirect magnetic exchange” in the limit of strong coupling between the conduction band
and the impurities.
PACS numbers: 71.70.Gm,75.10.Lp,75.75.-c
I. INTRODUCTION
Local magnetic moments resulting from partially filled
localized orbitals can experience an indirect magnetic ex-
change coupling mediated via a system of conduction
electrons. The prime example is the Ruderman-Kittel-
Kasuya-Yoshida (RKKY) effective interaction1–3 which
has an oscillatory dependence on the distance between
the magnetic impurities.4,5 In particular, the RKKY
mechanism in many cases explains the coupling of mag-
netic adatoms on non-magnetic metallic surfaces. Due
to the recent methodical advances in spin-resolved scan-
ning tunneling microscopy techniques6 it is nowadays
possible to map out the strength and the oscillatory dis-
tance dependence of the RKKY interaction with atomic
resolution.7,8 Moreover, the possibility to manipulate the
positions of individual magnetic atoms offers the exciting
perspective to build artificial adatom magnetic nanos-
tructures with tailored magnetic properties.9,10 In view
of possible future applications for magnetic data storage,
ferromagnetically ordered nanostructures deserve partic-
ular attention.
The simplest theoretical model of correlated electrons
on a lattice that may sustain ferromagnetism induced
by indirect RKKY coupling is the periodic Anderson
model.11,12 Here, the magnetic impurities or the mag-
netic adatoms are described by sites with a non-zero on-
site Hubbard-type interaction of strength U . The impu-
rity sites are coupled via a hybridization term ∝ V to
a system of non-interacting conduction electrons which
hop between the nearest-neighboring sites of a lattice
with a hopping amplitude t. Local magnetic moments
on the impurity sites are formed in the strong-coupling
limit U  V 2ρ0 where ρ0 is the conduction-electron den-
sity of states at the Fermi energy. A local polarization of
the conduction electrons is induced via the antiferromag-
netic local Kondo exchange13 J = 8V 2/U and results in
an effective interaction JRKKY,ij = −J2χ(0)ij between the
impurities coupling to lattice sites i and j that is given in
terms of the non-local static magnetic susceptibility χ
(0)
ij .
Consider the conceptually most simply case of a
half-filled and particle-hole symmetric periodic Ander-
son model on a bipartite D-dimensional lattice with L
conduction-electron sites. As the conduction-electron
spin-spin correlations between nearest-neighbor sites are
antiferromagnetic in this case, i.e. χ
(0)
ij < 0, a ferromag-
netic RKKY coupling is only possible if impurities are
placed at sites that are separated by two (or generally by
an even number) of nearest-neighbor hops. Therefore,
a corresponding spin-depleted periodic Anderson model
with at most R = L/2 impurity spins is expected to sus-
tain ferromagnetic order.
Apart from the perspectives in modeling artificial fer-
romagnetic nanostructures, the depleted periodic Ander-
son as well as the related Kondo model are interesting to
describe the electronic structure of one-dimensional or-
ganic ferromagnets.14–17 The limit of strong Kondo cou-
pling J is accessible to studies of ultracold alkali earth
atoms trapped in optical lattices as has been discussed
recently.18,19
Here, however, we would like to emphasize that the
considered depleted models are in first place interest-
ing from a more fundamental point of view. Due to the
geometrically regular removal of impurities, an insulat-
ing state is avoided, and metallic ferromagnetism can be
studied in a simple particle-hole symmetric model. This
is a similar motivation as for the antiferromagnetic case
studied in Ref. 20.
Another motivation for the present study is that there
are several and conceptually very different theoretical ap-
proaches that apply to the case of the depleted Anderson
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2or Kondo lattice and provide independent explanations
for the emergence of ferromagnetic order: (i) First of all,
beyond the regime of weak hybridization V , the indi-
rect exchange is expected to compete21 with the Kondo
screening22 of the impurity magnetic moments. (ii) In-
terestingly, in the limit of strongly coupled impurities
(strong V or strong J), the Kondo effect has actually
been seen to corroborate ferromagnetic ordering. Namely,
an “inverse” indirect magnetic exchange (IIME) provides
a coupling of local moments formed between almost lo-
calized Kondo singlets.23 (iii) Moreover, a variant24,25 of
the Lieb-Mattis theorem26,27 may apply which predicts
a ferro- or actually ferrimagnetic ground state in the en-
tire V or J regime. This is compatible with a crossover
from the RKKY to the IIME limit. (iv) Even the non-
interacting (U = 0) limit is interesting: The lattice
geometry inevitably leads a completely non-dispersive
band right at the Fermi energy. As a result there is
a highly degenerate Fermi sea where the configuration
with a fully polarized flat band is one of the possible
many-body ground states. This raises the question which
characteristics of the interacting ferromagnet already de-
rive from those of the fully polarized non-interacting
ground state. Moreover, the Stoner criterion28 applies to
the weakly interacting system, i.e. the flat band makes
the system extremely susceptible to magnetic ordering.
(v) Another question is whether the ferromagnetic or-
der can be understood within the concept of “flat-band
ferromagnetism”29–32 as well. Comparison of numerically
exact data with standard Hartree-Fock theory may show
whether the ground state is correlated at all and thus dif-
ferent from the fully polarized Fermi sea that is predicted
in the flat-band ferromagnetism scenario.
Finally, another motivation of the present paper is
a methodical one: The physics of the models stud-
ied here are very well accessible to reliable numerical
techniques. The density-matrix renormalization group
(DMRG)33,34 provides essentially exact results for the
one-dimensional case. Interestingly, dynamical mean-
field theory (DMFT)35,36 turns out as very reliable, too,
even for D = 1, since the correlated sites are separated
by 4 or more nearest-neighbor hops and thus the local
approximation for the self-energy becomes rather accu-
rate. This allows us to address the two-dimensional lat-
tice as well and motivates us to analyze the low-energy
part of the single-particle excitation spectrum to study
the “fate” of the flat band for a strongly correlated sys-
tem. Results will be discussed mainly for the case of
Anderson but also for Kondo impurities.
The paper is organized as follows: In the next section,
we introduce the depleted Anderson model. Its prop-
erties in the non-interacting limit and in particular the
emergence of a flat band are analyzed in Sec. III. A study
of the properties of the non-interacting state with a fully
polarized flat band is given in Sec. IV. The related con-
cept of flat-band ferromagnetism is discussed in Sec. V
along with calculations based on Hartree-Fock theory for
the strong-coupling (strong U) regime. DMRG data for
the one-dimensional model in the whole V range are pre-
sented in Sec. VI. This not only demonstrates the limita-
tions of the Hartree-Fock approach but also allows us to
analyze the crossover from the weak-V to the strong-V
limit. The role of the Lieb-Mattis theorem in this context
is clarified in Sec. VII, while in Sec. VIII the underlying
physical pictures and mechanisms are discussed. Sec. IX
introduces the dynamical mean-field approach and there-
with allows us to shift the perspective and to consider
two-dimensional systems and particularly the low-energy
one-particle excitation spectrum. This is worked out in
Secs. X and XI for the coherent part of the Green’s func-
tion and the density of states, respectively. In Sec. XII
once more shifts and extends the perspective by consid-
ering the depleted Kondo model in a regime where it is
different from the related Anderson model. Qualitatively,
the low-energy excitation spectra of the two models turn
out as very similar as discussed in Sec. XIII along with
the question for the fate of the flat band in the strongly
interacting limit. The smaller local Hilbert space of the
depleted Kondo model allows to carry out precise DMRG
calculations for the charge susceptibility, discussed in Sec.
XIV, which underpin the interpretations of the dynami-
cal mean-field analysis. A summary of the main results
and the conclusions are given in Sec. XV.
II. DEPLETED PERIODIC ANDERSON MODEL
We consider conduction electrons hopping between the
nearest-neighbor sites of a D-dimensional bipartite lat-
tice (D = 1 chain and D = 2 square lattice) consisting of
L sites. The hopping amplitude fixes the energy scale, i.e.
t = 1. “Impurities”, i.e. sites with a finite local Hubbard
interaction U , are coupled via a hybridization of strength
V to the B sites of the lattice consisting of the two sub-
lattices A and B, see Fig. 1 for the two-dimensional case.
In total, there are R = L/2 impurities. The Hamiltonian
reads as:
H = −t
∑
〈ij〉,σ
(
a†iσbjσ + h.c.
)
+ V
∑
j∈B,σ
(
b†jσckjσ + h.c.
)
+ U
∑
j∈B
n
(c)
kj↑n
(c)
kj↓ − µ
∑
i∈A,σ
n
(a)
iσ − µ
∑
j∈B,σ
n
(b)
jσ
+ (ε− µ)
∑
j∈B,σ
n
(c)
kjσ
. (1)
Here a†iσ, b
†
jσ and c
†
kσ create an electron with spin σ =↑, ↓
at a site i in sublattice A, at a site j in sublattice B and
at an impurity site k, respectively. With kj we denote
the impurity site attached to the B site j. Furthermore,
n
(a)
iσ = a
†
iσaiσ, n
(b)
jσ = b
†
jσbjσ and n
(c)
kσ = c
†
kσckσ denote
the corresponding occupation-number operators. We will
consider the model at half-filling where the average total
particle number 〈N〉 = L+R. This is ensured by choos-
ing µ = 0 for the chemical potential and ε = −U/2 for
the on-site energy of the impurity sites.
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FIG. 1: (Color online) Geometry of the lattice model consid-
ered. R impurities (orange) with on-site Hubbard interaction
U are coupled via a hybridization of strength V to the B sites
(red) of a bipartite lattice with L = 2R sites in total (A sites:
blue). Periodic boundary conditions are assumed. The en-
ergy scale is fixed by setting t = 1 for the nearest-neighbor
hopping in the conduction-band system. Dashed lines indi-
cate a unit cell. The system is considered at half-filling, i.e.,
the average total particle number is 〈N〉 = L+R.
III. NON-INTERACTING LIMIT
Assuming periodic boundary conditions and exploit-
ing translational symmetries, the non-interacting part of
the Hamiltonian is block-diagonalized by switching to a
wave-vector representation. There are 3 sites in a unit
cell (A, B, impurity). Consequently,
H0 =
∑
kσ
(
a†kσ, b
†
kσ, c
†
kσ
) (
tˆ(k)− µ)
 akσbkσ
ckσ
 (2)
with a 3× 3 hopping matrix for each wave vector k:
tˆ(k) =
 0 ε(k) 0ε(k) 0 V
0 V 0
 . (3)
Here,
ε(k) = −2t
D∑
s=1
cos ks (4)
is the bare (V = 0) dispersion of the conduction-electron
band. Diagonalization of H0,
ηm(k) =
[
Qˆ†0(k)tˆ(k)Qˆ0(k)
]
mm
, (5)
is achieved with the unitary transformation matrix
Qˆ0(k) =
1√
2
1
ξ(k)
 ε(k) √2V ε(k)−ξ(k) 0 ξ(k)
V −√2ε(k) V
 . (6)
This yields three bands (m = 1, 2, 3),
η1(k) = −ξ(k)− µ
η2(k) = −µ
η3(k) = ξ(k)− µ (7)
where ξ(k) =
√
ε(k)2 + V 2. Each band consists of L/2
eigenenergies, i.e. there are L/2 allowed wave vectors in
the first Brillouin zone. Them = 2 band is dispersionless,
i.e. “flat”.
The presence of the flat band originates from the (i)
bipartite lattice structure, (ii) the restriction to inter-
sublattice hopping, (iii) homogeneous on-site energies
and (iv) from the fact that there are more A sites (in-
cluding impurity sites) than B sites (for the present dis-
cussion we have to regard the impurity sites as A sites as
they are coupled to B sites only). This can easily be seen
from the real-space representation of the hopping matrix
tˆ. We have
tii′ = εδii′ for i, i
′ ∈ A
tjj′ = εδjj′ for j, j
′ ∈ B
tij = t
∗
ji = Tij for i ∈ A, j ∈ B , (8)
where ε is an arbitrary real parameter and Tˆ an arbitrary
matrix of dimensions LA × LB where LA is the number
of A-sites and LB the number of B sites (in our case,
LA = L/2 + R = L, LB = L/2). We choose ε = 0 for
simplicity. An eigenvector u of tˆ corresponding to the
eigenvalue η = 0 must satisfy∑
j∈B
Tijuj = 0 ∀ i ∈ A ,∑
i∈A
T †jiui = 0 ∀ j ∈ B . (9)
u has LA components ui referring to A sites and LB com-
ponents uj referring to B sites. The first set of LA con-
ditional equations is satisfied by setting uj = 0 for all
j ∈ B. The second set of equations represents a ho-
mogenous set of LB linear equations for LA unknowns.
Consequently, there are at least LA−LB linear indepen-
dent and normalized solutions, i.e. the eigenvalue η = 0
is at least LA − LB-fold degenerate (in our case, the de-
generacy is L/2).
IV. FULLY POLARIZED STATE
For µ = 0 and in the non-interacting case for U = 0,
the m = 1 band is fully occupied by L electrons, and the
m = 3 band is completely empty. Further L/2 electrons
with spin σ =↑, ↓ occupy the flat band m = 2. This
leads to a 2L/2-fold degeneracy of the non-interacting
ground-state energy which is expected to be lifted due
to interactions.
The Stoner criterion28 shows that the paramagnetic
ground state is unstable towards ferromagnetic ordering
4at arbitrarily small but finite U > 0. Let us define the
ground-state expectation value of the ordered magnetic
moment on A, B and impurity sites as
mA = 〈n(a)i↑ 〉 − 〈n(a)i↓ 〉 ,
mB = 〈n(b)j↑ 〉 − 〈n(b)j↓ 〉 ,
mimp = 〈n(c)k↑ 〉 − 〈n(c)k↓ 〉 . (10)
That the ground state, for weak U > 0, is in fact fully
polarized, i.e. that m = mA + mB + mimp = ±1 can be
seen easily by first-order perturbation theory in U : As
is detailed in Appendix A, the fully polarized state has
lowest total energy.
At U = 0 we therefore pick the fully polarized state
with total magnetization m = 1 and study the V -
dependence of the different contributions to m. This
can be done by computing the spin-dependent occupa-
tion numbers for the sites α = A,B, imp in a unit cell
via
〈n(α)σ 〉 =
2
L
∑
k
3∑
m=1
|Q0,αm(k)|2 fk,m,σ , (11)
where fk,m=1,σ = 1 for the lowest band, fk,m=3,σ = 0 for
the highest band, whereas fk,m=2,↑ = 1 and fk,m=2,↓ = 0
for the flat band. Using Eqs. (6) and (10), this yields
the following site-dependent magnetic polarization in the
U → 0 limit:
mA =
2
L
∑
k
V 2
ε(k)2 + V 2
,
mB = 0 ,
mimp =
2
L
∑
k
ε(k)2
ε(k)2 + V 2
. (12)
In the thermodynamical limit L→∞, the k-sums can be
rewritten as an energy integration weighted by the free
tight-binding density-of-states and evaluated numerically
for D = 2. The result is shown in the upper part of Fig.
2 (dashed lines). For D = 1 the calculation can be done
analytically. We find mB = 0 and
mA =
V√
V 2 + 4t2
, mimp =
√
V 2 + 4t2 − V√
V 2 + 4t2
. (13)
These are plotted in the lower part of Fig. 2 (dashed
lines).
As can be seen in the figure, there is a crossover of
the fully polarized magnetic state of the non-interacting
system from the weak-V to the strong-V regime. This
crossover is in some respects reminiscent of the corre-
sponding crossover of the strongly interacting system for
large U , namely from a ferromagnet driven by the effec-
tive indirect RKKY interaction for weak V to a ferro-
magnet driven by the effective inverse indirect exchange
interaction (IIME) for strong V (see discussion in Secs.
VI and VIII).
For V = 0, electrons at impurity sites are perfectly
localized and form a local spin 1/2. In the fully polar-
ized state, the resulting magnetic moment is mimp = 1.
For finite but weak V , electrons delocalize. In the non-
interacting system there is only the Fermi-gas contribu-
tion to the local moments, and sizeable moments are
only formed in the symmetry-broken state considered
here. These ordered local moments are mainly present on
the impurity sites. In the one-dimensional case we have
mimp ' 1 − V/2t → 1 and mA ' V/2t → 0 for V → 0,
while for D = 2 there is a non-analytical behavior of the
moments mimp → 1 and mA → 0. On the other hand,
in the limit V → ∞, electrons are perfectly localized at
A sites, and thus mA = 1 in the symmetry-broken state.
For finite but strong V , delocalization of A-site electrons
then tends to reduce mA. We have mA ' 1−qt2/V 2 and
mimp ' qt2/V 2, where q = 2D is the coordination num-
ber. In the entire V range, and also independent of the
dimensionality, the magnetic polarization at the B-sites
remains zero, and hence mA +mimp = 1.
V. HARTREE-FOCK THEORY VS. FLAT-BAND
FERROMAGNETISM
Let |F0〉 be the Fermi sea that is constructed by com-
pletely filling the m = 1 band with L electrons and the
m = 2 band with L/2 spin-↑ electrons, i.e. |F0〉 is a single
Slater determinant with a fully polarized m = 2 band:
|F0〉 =
∏
k
c†k,m=2,↑
∏
k,σ
c†k,m=1,σ|vacuum〉 . (14)
For U = 0, this is only one ground state among the 2L/2
ground states. Obviously, the macroscopically large de-
generacy is due to the fact that the m = 2 band is flat.
“Flat-band ferromagnetism” was recognized by Mielke
and Tasaki29–32,37,38 as a possible route to itinerant fer-
romagnetism in the Hubbard model. For the Hubbard
model on lattices with certain topologies (not necessar-
ily bipartite) and at certain fillings (not necessarily half-
filling), a fully polarized ferromagnetic state can be ob-
tained by filling the flat band with ↑ electrons only. The
very non-trivial and exact statement made by Mielke and
Tasaki is that this state becomes the unique ground state
for any U > 0 (apart from the (2Stot + 1)-fold degener-
acy). While the fully polarized state is not affected by
U , all other ground states gain a higher energy.
The situation considered here is somewhat different be-
cause the Hubbard interaction is not present at all sites
and also because there is a dispersive band below the flat
band in the non-interacting band structure (see, however,
Ref. 39). In fact, we can easily show that |F0〉 cannot be
the exact ground state for any U > 0 and that, therefore,
the concept of flat-band ferromagnetism does not apply
to the present case.
The argument is based on Hartree-Fock theory which
5can be defined by the mean-field decoupling
n
(c)
k↑ n
(c)
k↓ 7→ 〈n(c)k↑ 〉n(c)k↓ + n(c)k↑ 〈n(c)k↓ 〉 − 〈n(c)k↑ 〉〈n(c)k↓ 〉 (15)
which replaces the original Hamiltonian Eq. (1) by a
mean-field Hamiltonian that is bilinear in creators and
annihilators. The solution of the resulting effective
Hartree-Fock equations must be obtained by computing
the expectation values self-consistently from the mean-
field Hamiltonian. At zero temperature, the approach
is fully equivalent with the variational optimization of
a Slater determinant consisting of N a priori unknown
single-particle orbitals using the Ritz principle. Note that
this ansatz also comprises the Slater determinant |F0〉 in
particular.
The numerical calculations clearly show that the opti-
mized Hartree-Fock ground state |HF〉 has a lower to-
tal energy: 〈HF|H|HF〉 < 〈F0|H|F0〉 if V 6= 0 and
V 6= ∞. Qualitatively, this can be understood in the
following way: For any V with 0 < V < ∞, the
flat band is fully polarized and singly occupied with ↑-
electrons in the state |F0〉. Nevertheless, there is al-
ways a finite double occupancy on the impurity sites,
〈F0|n(c)↑ n(c)↓ |F0〉 > 0 as the impurity orbitals have con-
tributions from all three bands (already this fact is con-
flicting with flat-band ferromagnetism, see Ref. 32, for
example). Hartree-Fock theory tends to reduce this dou-
ble occupancy, 〈HF|n(c)↑ n(c)↓ |HF〉 < 〈F0|n(c)↑ n(c)↓ |F0〉, by
increasing the polarization at the impurity sites, m
(HF)
imp >
m
(F0)
imp . Thereby, the interaction energy is lowered.
The magnetic polarizations at the different sites, as ob-
tained from Hartree-Fock theory, are shown by the solid
lines in Fig. 2. Calculations have been done for U = 8
(D = 1) and U = 16 (D = 2). One clearly notes that (i)
m
(HF)
imp is different from m
(F0)
imp for all V with 0 < V <∞,
which already reflects that |F0〉 cannot be the ground
state, and that (ii) m
(HF)
imp > m
(F0)
imp due to the reduced
double occupancy on the impurity sites. Opposed to
|F0〉, one finds a non-zero but negative polarization at
the B sites. This is an indication of local antiferromag-
netic Kondo correlations. The total magnetization is still
unity, m = mimp +mA +mB = 1.
VI. DENSITY-MATRIX RENORMALIZATION
GROUP
For the one-dimensional case, the Hartree-Fock re-
sults can be compared with numerically exact data from
Ref. 23 obtained by the density-matrix renormaliiza-
tion group.33,34 DMRG calculations have been performed
with a standard implementation using matrix-product
forms for the trial many-body state as well as for the
operators (see Ref. 40 for some details). The data shown
in Fig. 2b (filled symbols) have been obtained for a sys-
tem with L = 49 sites and open boundaries.
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FIG. 2: (Color online) Ordered magnetic moments on the
impurity sites, mimp, and on A and B sites, mA and mB, of
the D = 2 (top) and the D = 1 (bottom) lattice as functions
of the hybridization strength V/W where W = 8 (D = 2)
and W = 4 (D = 1) is the free band width. Dashed lines:
Fully polarized ground state of the non-interacting system
(U = 0). Solid lines: Results of a Hartree-Fock calculation
for U = 2W . Filled symbols for D = 1: DMRG calculation23
for U = 2W (L = 49 lattice sites, R = 25, open boundary
conditions, results are shown for the central unit cell). Dotted
line for D = 1: DMFT calculation23 for U = 2W (L = 100
lattice sites). Open symbols for D = 2: DMFT calculation
for U = 2W (L = 1000× 1000). For the DMFT calculations,
periodic boundary conditions are assumed.
DMRG indeed predicts a ferromagnetic ground state
with a total magnetization independent of V (see Secs.
VII and VIII for further discussion). The magnetic po-
larizations at the different sites have been plotted for the
central unit cell of the chain for the sector with maximum
magnetic quantum number Mtot = Stot. The DMRG
ground state is unique, apart from the 2Stot + 1-fold de-
generacy. On the scale used in Fig. 2, the DMRG results
are representative for an infinite chain as has been veri-
fied by comparing data for different system sizes.
For V → 0 and for V → ∞, Hartree-Fock theory re-
produces the exact result for mA, mB mimp and for the
total magnetization m. For intermediate V , however,
there are strong deviations: Here, Hartree-Fock theory
overestimates the absolute strengths of the polarizations
on the impurity and on the B sites, and underestimates
mA.
We conclude that Hartree-Fock theory is able to
roughly describe the trends of the magnetic polarizations
6with V but does not allow for quantitative predictions
and even qualitatively fails to describe the magnetic or-
der in terms of spin-correlation functions. The magnetic
ground state of the considered periodic Anderson model
with depleted magnetic impurities must therefore be seen
as being correlated. It cannot be described by a fully
polarized Fermi sea or by any other (variationally opti-
mized) Slater determinant.
VII. LIEB-MATTIS THEOREM
Although the ground state is correlated, there are ex-
act statements available for the particular geometrical
and electronic structure considered here. This goes back
to the Lieb-Mattis theorem26 which states that the an-
tiferromagnetic spin-1/2 Heisenberg model on an arbi-
trary bipartite lattice has a unique singlet ground state
if the number LA of A sites equals the number LB of
B sites. For LA > LB, the ground state has total spin
Stot = (LA − LB)/2 and is unique apart from the trivial
(2Stot + 1)-fold degeneracy. The proof of the theorem is
based on the positivity of the Hamiltonian after a uni-
tary spin-reflection transformation which permits the ap-
plication of the Perron-Frobenius theorem. The concept
of “spin-reflection positivity” has been used to general-
ize the Lieb-Mattis theorem to the half-filled repulsive
Hubbard model with constant Ui = U > 0 for any site i
on a bipartite lattice.27 For the half-filled and symmet-
ric periodic Anderson model (with as many localized as
conduction orbitals, i.e., R = L) on a bipartite lattice, a
modified proof is possible.41,42 Analogous results are also
available for the half-filled Kondo-lattice model.24,25
Let us now focus on the depleted periodic Ander-
son model at half-filling that is considered here. As
there are additional sites (the A sites) with vanishing
Hubbard-type interaction, the ground state is not nec-
essarily unique, i.e. the Lieb-Mattis theorem (and gen-
eralizations thereof) cannot be applied in this respect.
In fact, for certain L and R, one can easily find exam-
ples with a degenerate ground state. The most simple
case is probably given by L = 3 and R = 1 where the
impurity site is attached to the central site of the three-
site tight-binding chain with open boundaries. A sim-
ple calculation shows that the eigenstates of lowest en-
ergy are given by a triplet, Stot = 1 = (LA − LB)/2,
and a singlet, Stot = 0, for any U > 0, i.e. the ground-
state energy is four-fold degenerate. However, one of the
ground states (if there is degeneracy) is in the sector with
Stot = 1 = (LA − LB)/2.
This is similar to the depleted Kondo lattice. There
is a theorem, proven by Shen,24 stating that for R local-
ized spins 1/2 coupling via a local antiferromagnetic ex-
change to a half-filled system of otherwise non-interacting
conduction electrons on a bipartite D-dimensional lattice
with L ≥ R sites, there is at least one ground state with
Stot = (LA−LB)/2. Degeneracy can be excluded for the
dense case, R = L, or for a finite Hubbard-type interac-
tion U > 0 among the conduction electrons.24,25
The DMRG calculations (Fig. 2) for L = 49 and R =
25 yield a ground-state total spin Stot = 12. This is
consistent with the above prediction, i.e. Stot = (LA −
LB)/2 = (R−1)/2. Actually, the system is ferrimagnetic,
also consistent with the sign of the spin-spin correlation
functions that can be predicted exactly.24 Furthermore,
the ground state turns out to be unique (apart from the
trivial (2Stot + 1)-fold degeneracy).
VIII. PHYSICAL MECHANISMS
Opposed to the exact theorems available and opposed
to the essentially exact numerical data, perturbative ap-
proaches are able to provide a more physical understand-
ing for the emergence of ferromagnetic order. Moreover,
they can explain which sites, depending on V , carry the
main part of the total magnetic moment and also why
the ground state is in fact unique.
For U  t and weak V , the model maps onto a de-
pleted Kondo lattice where the correlated sites are re-
placed by spins 1/2 coupled via an antiferromagnetic
local exchange J = 8V 2/U to the conduction-electron
system.13,43 As J is small in this limit, RKKY second-
order perturbation theory applies.4,5 At half-filling the
effective non-local spin-spin interaction JRKKY ∝ (−1)d
has an oscillatory dependence on the distance d between
two local spins and is ferromagnetic for the model consid-
ered here. Hence, the ferromagnetic ground state results
from ferromagnetic RKKY coupling of well-formed local
moments at the impurity sites. However, the total spin
is Stot = (R− 1)/2 rather than Stot = R/2 as could have
been expected by simply coupling all impurity spins.
The reason for the “missing spin 1/2” is a variant of the
Kondo effect that has been studied in Ref. 44 and that
applies to systems of finite size where perturbation the-
ory in J is well behaved. Namely, in the weak-coupling
limit V → 0 and for the particular system with L = 49
and R = 25, exactly one of the impurity spins is Kondo
screened, and only the remaining ones are subjected to
the ferromagnetic RKKY interaction.
The “missing spin” can be understood with the help
of the original Lieb-Mattis theorem: Using standard de-
generate perturbation theory in first order in J for the
depleted Kondo lattice, we obtain the following effective
model:
Heff =
∑
j∈B
JkjSkjsF , (16)
where Skj is a spin 1/2 at the impurity site kj , and sF
is the spin of the conduction electron at the Fermi en-
ergy. The effective exchange couplings Jkj = J |ϕ(F)kj |2
are given in terms of its single-particle wave function
ϕ
(F)
kj
and are all positive. Eq. (16) represents an an-
tiferromagnetic central-spin Heisenberg model. As this
has the topology of a bipartite lattice, the Lieb-Mattis
7theorem26 immediately predicts a unique ground state
with Stot = (R− 1)/2.
In the opposite limit of strong hybridization V → ∞,
the electrons at the impurity and at the B sites form
strongly localized and magnetically inert singlet bound
states. This implies that the total magnetic moment is
no longer carried by the impurity sites. However, these
“Anderson singlets” tend to localize the electrons at the
A sites, and this results in the formation of strong local
A-site magnetic moments. There is an indirect coupling
between the A-site moments which is ferromagnetic and
induced via virtual excitations of the Anderson singlets.
This is similar to the strong-J limit of the depleted Kondo
lattice studied in Ref. 23. A analogous construction of an
effective low-energy model by employing strong-coupling
perturbation theory is also possible in the Anderson case
(and will be published elsewhere). The resulting “in-
verse indirect magnetic exchange” (IIME) represents the
strong-coupling (strong V ) analogue of the RKKY mech-
anism at weak coupling.
The transition from the RKKY to the IIME regime as
a function of V is a smooth crossover: As can be seen in
Fig. 2, the polarization at the impurity sites continuously
decreases while the A-site polarization increases. The
negative polarization at the B sites attains a maximal
absolute value in the crossover regime V ∼ W/2. The
symmetry of the ground state and the total spin Stot does
not change with V . In the strong-coupling limit, the total
spin Stot = (R − 1)/2 is due to the ferromagnetic IIME
coupling of the R− 1 A-site moments.
IX. DYNAMICAL MEAN-FIELD THEORY
It is instructive to compare the results for the mag-
netic polarization at the different sites that have been
obtained by static mean-field theory and (for D = 1) by
DMRG with corresponding results of dynamical mean-
field theory (DMFT).35,36 The DMFT treats the local
correlations exactly, and in particular the Kondo screen-
ing of the magnetic impurities. It also accurately pre-
dicts the indirect inter-impurity magnetic coupling as
has been studied before in Ref. 40. On the other hand,
the feedback of the non-local magnetic correlations on
the one-particle excitation spectrum is neglected within
DMFT as this would imply non-local contributions to
the electron self-energy. This feedback effect, however,
can be expected as weak for the present case of a system
with regularly depleted impurities: As the self-energy is
non-zero on the correlated sites only, a non-local self-
energy diagram must include non-local Green’s functions
between sites that are separated by 4 or more nearest-
neighbor hopping steps. An almost local self-energy and
thus a single-site DMFT approach should therefore be a
reasonable approximation.
We employ a standard implementation of the DMFT
using the exact-diagonalization solver,45 i.e. the ground
state and the single-electron excitation spectrum of the
effective impurity problem is obtained by the Lanczos
method. Calculations have been performed for Anderson
impurity models with ns = 10 sites. A fictitious temper-
ature of T ∗ = 0.002 is used for the low-energy cutoff of
the DMFT self-consistency equation. Lattices with peri-
odic boundary conditions and a sufficiently large number
of sites L are considered to ensure that the results are
free of finite-size errors. For U = 2W and in the entire
range of hybridization strengths V , there is a ferromag-
netic solution of the DMFT equations which is found by
running through the usual DMFT self-consistency cycle.
A paramagnetic solution, on the other hand, could not
be stabilized without enforcing spin-symmetric parame-
ters. We have checked that the ferromagnetic state has
the lower total energy.
The results for the site-dependent polarizations of the
depleted Anderson lattice are shown Fig. 2 as dotted lines
for dimension D = 1 and as open circles for D = 2.
In both cases, we find strong differences between the
static (Hartree-Fock) and the dynamical mean-field re-
sults. Hence, there are sizable effects resulting from lo-
cal correlations. Comparing with the numerically exact
DMRG data for the D = 1 case, we furthermore see that
the DMFT is not only able to qualitatively reproduce the
crossover from the RKKY to the IIME regime but also
predicts the magnetic properties of the system correctly
on a quantitative level.
This is a remarkable finding as the D = 1 case is ac-
tually the worst case from the DMFT perspective. One
may exploit this to study more complex configurations of
magnetic impurities in higher dimensions. Here, we will
make use of the DMFT by accessing the single-electron
excitation spectrum to study the fate of the flat band for
a correlated system.
X. COHERENT GREEN’S FUNCTION
This can be done by looking at the low-frequency “co-
herent” part of the single-electron excitation spectrum.
Within the DMFT framework, the coherent spectrum
can be analyzed easily. The k and ω dependent single-
electron 3 × 3 Green’s-function matrix is obtained from
Dyson’s equation as
Gˆkσ(ω) =
1
ω + µ− εˆ− tˆ(k)− Σˆσ(ω)
. (17)
The 3 × 3 hopping matrix tˆ(k) is given by Eq.
(3). The (k-independent) self-energy matrix Σˆσ(ω) =
diag(0, 0,Σσ(ω)) and the matrix of on-site energies εˆ =
diag(0, 0,−U/2) are diagonal and non-zero on the impu-
rity sites only. Assuming that the system is a ferromag-
netic Fermi-liquid, we can expand the self-energy for low
frequencies:
Σσ(ω) = aσ + (1− z−1σ )ω +O(ω2) , (18)
where aσ is a real on-site energy shift and 0 ≤ zσ ≤ 1
is the quasi-particle weight. Inserting this into Eq. (17)
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FIG. 3: (Color online) Quasi-particle weight zσ and on-
site energy shift aσ for a half-filled two-dimensional depleted
Anderson lattice with L = 1000 × 1000 sites for U = 16 as
functions of V as obtained by DMFT (red circles, bottom
and left axis) and zσ, aσ for the case of Kondo impurities
as a function of J (green circles, top and right axis). Spin
dependence: zσ = z−σ, Anderson impurities: a↓ − U/2 =
U/2− a↑ > 0, Kondo impurities: a↓ = −a↑ < 0. Dashed line:
static mean-field result for aσ = U〈n(imp)−σ 〉 in the Anderson
case. Note that the DMFT self-energy is non-zero on the
correlated sites in the Anderson model while for the Kondo
model the self-energy is non-zero at the conduction-electron
B sites.
and neglecting quasi-particle damping effects ∝ ω2, we
obtain the coherent part of the Green’s function:
Gˆ
(con)
kσ (ω) = zˆ
1/2
σ
1
ω + µ− εˆ(eff)σ − tˆ(eff)σ (k)
zˆ1/2σ . (19)
Comparing with the Green’s function of the non-
interacting system, we find (i) a spin-dependent shift
of the effective on-site energy at the correlated site,
εˆ
(eff)
σ = diag[0, 0, zσ(aσ − U2 ) + µ(1 − zσ)], (ii) a band
renormalization
tˆ(eff)σ (k) = zˆ
1/2
σ tˆ(k) zˆ
1/2
σ (20)
with the quasi-particle weight matrix
zˆσ =
 1 0 00 1 0
0 0 zσ
 , (21)
as well as (iii) an overall scaling of the local quasi-particle
density of states at the impurity sites.
The poles of the coherent Green’s function close to
ω = 0 determine the dispersion of the coherent quasi-
particle band. At half-filling, given for µ = 0, and in the
spin-symmetric paramagnetic state with aσ = U/2, the
effective hopping matrix, Eq. (20), is identical with the
hopping matrix in the non-interacting case except for a
renormalization V 7→ z1/2σ V of the hybridization. Hence,
we find a flat quasi-particle band at ω = 0. This is con-
sistent with the expectation that a correlation-induced
“band narrowing” of an already non-dispersive band does
not have any effect.
However, this must be seen as an artifact of the DMFT
as generally the self-energy and thus the parameters zσ =
zkσ and aσ = akσ acquire a k-dependence which directly
leads to a dispersion of the quasi-particle band. Anyway,
already on the DMFT level, the ferromagnetic long-range
order implies that the coherent part of the excitation
spectrum is dispersive since the spin-dependence of aσ
also implies different effective on-site energies of the A
and B sites of the bipartite lattice (see Sec. III).
Fig. 3 displays the parameters zσ and aσ as obtained
from a DMFT calculation for a two-dimensional strongly
correlated system (U = 2W = 16) as functions of V (red
symbols). A lattice with L = 1000×1000 sites is sufficient
to ensure that the results are not affected by finite-size
effects. In the ferromagnetic state at half-filling we have
a spin-independent quasi-particle weight zσ = z−σ but
a↑ − U/2 < 0 while a↓ − U/2 > 0. The modulus of
the deviation from U/2 (plotted in the figure) is spin-
independent, similar but smaller than the corresponding
static mean-field result aσ = U〈n(imp)−σ 〉.
In the weak-V limit, the system is effectively equivalent
to the corresponding depleted Kondo lattice. Localiza-
tion of electrons at the impurity sites and local-moment
formation drive the system to a strongly correlated state
with zσ → 0. For large V , we find zσ → 1 and aσ → U/2:
Due to strong charge fluctuations on the impurity sites,
the system’s low-frequency one-electron excitation spec-
trum is well described by non-interacting values of the
parameters.
XI. COHERENT DENSITY OF STATES
Using the parameters from the DMFT calculation, we
obtain the “coherent” part of the spin-dependent local
density of states (DOS) projected onto A, B, and impu-
rity sites,
ρ(coh.)ασ (ω) = −
1
pi
Im
2
L
∑
k
G
(coh)
kαασ(ω + i0
+) , (22)
see Fig. 4. A somewhat larger lattice (L = 10000×10000)
is necessary to completely suppress finite-size effects on
the scale of the figure.
We discuss results for Hubbard interaction U = 16. In
this strong-coupling regime, the one-electron excitation
spectrum shows incoherent Hubbard bands separated by
an energy of the order of U . The coherent part of the
one-electron excitation spectrum consists of three quasi-
particle bands which are separated by an energy of the
order of V . Only the central band around the Fermi edge
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FIG. 4: (Color online) Coherent part of the spin-dependent
local density of states (solid lines) at the inequivalent sites
α = A,B, imp. Calculations for a two-dimensional depleted
Anderson lattice with L = 10000× 10000 sites using the low-
frequency parameters zσ, aσ from a DMFT calculation for
U = 16 and V = 4 (see Fig. 3). Blue: spin-up, red: spin-down
coherent density of states. Dashed lines: the same but for the
case of Kondo impurities (DMFT calculation for J = 8).
(ω = 0) is plotted in Fig. 4, and here we focus on the low-
frequency limit only where the Fermi-liquid form of the
self-energy, Eq. (18) is expected to hold.
First of all, the central quasi-particle band is disper-
sive, and the coherent part of the density of states has
a finite width as discussed above. However, the coher-
ent DOS at the B sites is roughly two orders of magni-
tude smaller than at the A and at the impurity sites.
This is still reminiscent of the flat-band picture that
is found at U = 0 or, at least within the DMFT, in
the (metastable) paramagnetic phase where the central
quasi-particle band is of A- and of the impurity-sites
character only while the weight of the B sites is zero.
Interestingly, the coherent density of states exhibits a
van Hove singularity at ω = 0 which may be seen as an-
other reminiscence to the flat-band case at U = 0 where
the DOS includes a δ-peak at ω = 0. In the correlated
state, however, the singularity is weaker and only the
DOS at the A sites is divergent. Hence, the metallic
character of the system is dominated by electron trans-
port via the A sites.
Furthermore, the coherent part of the DOS is fully
polarized, i.e. ↑ and ↓ DOS do not overlap. Note that not
only for the impurity and the A sites but also for B sites
only the ↑ coherent DOS is occupied. However, mB < 0
as is seen from Fig. 2 for V/W = 0.5 and U = 16 where
the magnetic state of the system is found as intermediate
between the RKKY and the IIME limits. This implies
that larger (negative) high-frequency contributions to the
magnetic moment at the B sites must outweigh this effect.
Concluding, strong correlations drive the flat-band sys-
tem to a ferromagnetic Fermi-liquid state with uncon-
ventional low-energy particle-hole excitations. While the
spin-↑ as well as the spin-↓ DOS are gapped, the total
DOS is gapless. Hence, low-energy particle-hole exci-
tations contributing to the static conductivity must be
accompanied by a spin flip.
XII. KONDO IMPURITIES
This scenario can be tested in various ways: First, to
simplify the system and to exclude the effect of charge
fluctuations, we compare the results obtained for Ander-
son impurities with corresponding ones for Kondo im-
purities, i.e. we turn to the following Hamiltonian for a
depleted Kondo lattice:
H = −t
∑
〈ij〉,σ
(a†iσbjσ + h.c.) +
J
2
∑
j∈B,σσ′
Skj b
†
jσσˆσσ′bjσ′
− µ
∑
i∈A,σ
n
(a)
iσ − µ
∑
j∈B,σ
n
(b)
jσ . (23)
Here, Skj is a spin-1/2 at site kj that couples via an
antiferromagnetic local exchange J > 0 to the spins of
conduction electrons at site j, the chemical potential is
µ = 0 at half-filling, and σˆ is the vector of Pauli matrices.
For the DMFT calculations this depleted Kondo-lattice
model is self-consistently mapped onto an effective impu-
rity model where the correlated impurity consists of a B-
site j with the local spin at kj attached and is embedded
in an uncorrelated bath.46,47 An effective impurity model
with ns = 9 sites (plus the local spin 1/2) is considered
in practice and treated with the Lanczos technique.
Dyson’s equation is again given by Eq. (17) but now
the hopping and the self-energy in k space are 2× 2 ma-
trices:
tˆ(k) =
(
0 ε(k)
ε(k) 0
)
, Σˆσ(ω) =
(
0 0
0 Σσ(ω)
)
.
(24)
Expanding the self-energy for ω → 0, Eq. (18), leads to
Eq. (19) with an effective on-site energy at the correlated
B site, εˆ
(eff)
σ = diag[0, zσaσ + µ(1 − zσ)], and to a band
renormalization, tˆ
(eff)
σ (k) = zˆ
1/2
σ tˆ(k) zˆ
1/2
σ , with the quasi-
particle weight matrix
zˆσ =
(
1 0
0 zσ
)
. (25)
In the metastable paramagnet at half-filling, the effective
hopping matrix is given by the non-interacting one, ex-
cept for a renormalization ε(k) → z1/2ε(k) of the bare
dispersion. This leads to a completely flat quasi-particle
band. As in the Anderson case, however, the ferromag-
netic long-range order makes the band dispersive since
10
aσ 6= 0 implies different effective on-site energies of the
A and B sites.
The parameters zσ and aσ characterizing the low-
frequency part of the self-energy are shown in Fig. 3 as
a function of J . The quasi-particle weight zσ = z−σ
at the B sites and the modulus of the on-site energy
shift |aσ| = |a−σ| are spin-independent but a↑ < 0 while
a↓ > 0.
When comparing the low-energy electronic structure of
the Anderson and the Kondo model with each other, it is
important to recall that the DMFT construction is differ-
ent: While for the Anderson case a correlated site with
U > 0 in the lattice model must be identified with the im-
purity site of the effective Anderson impurity model, the
spin 1/2 and the attached B site have to be considered as
the impurity in the Kondo case.46,47 Consequently, the
self-energies are non-zero on correlated (U > 0) sites in
the Anderson and non-zero on B-sites in the Kondo case.
In the weak-J limit, the Anderson and the Kondo
model can be mapped onto each other. Here, electrons
are only weakly scattered from the impurities and thus
zσ → 1. For strong J , on the other hand, an impurity
spin and an electron at a B site form an almost local
Kondo singlet. Scattering of A-site electrons from these
local Kondo singlets tends to localize electrons at A sites
and results in a strongly correlated Fermi-liquid state
with small zσ. Furthermore, the IIME mechanism drives
the system to the ferromagnetic state as discussed in Sec.
VIII.
The resulting “coherent” part of the spin-dependent
local density of states (DOS) projected onto A and B sites
is shown in Fig. 4 for J = 8 (dashed lines). The DOS
resulting from the coherent low-energy band around the
Fermi edge has a finite width. Its projection onto the B
sites is an order of magnitude smaller than the projection
on the A sites. The coherent DOS is again fully polarized
and also exhibits the same (singular) structure at ω = 0
that was found for the Anderson case. We conclude that
even in the strong-J limit where the Kondo lattice does
not map onto the Anderson lattice, the low-frequency
physics is qualitatively the same.
XIII. D = 1 DMFT GREEN’S FUNCTION
As the DMFT is able to quantitatively describe the
correlated magnetic ground state even for the one-
dimensional system, it is worthwhile to discuss the D =
1 single-particle excitation spectra. The local spin-↑
Green’s functions for A, B and impurity sites in the range
of small imaginary frequencies are shown in Figs. 5 and 6
for the case of Anderson (V = 1, U = 8) and for the case
of Kondo impurities (J = 5), respectively. The spin-↓
Green’s functions are fixed by the relations
ReGαα,↓(iω) = −ReGαα,↑(iω) ,
ImGαα,↓(iω) = ImGαα,↑(iω) (26)
which are enforced by particle-hole symmetry.
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FIG. 5: (Color online) Spin-↑ Green’s function for the
one-dimensional depleted Anderson model as obtained from
DMFT for V = 1 and U = 8. Imaginary (blue) part,
−ImGαα,σ=↑(iω), and real part (red), ±ReGαα,σ=↑(iω), for
α = A,B, imp and different system sizes L as indicated. Note
the double logarithmic scale.
Results are displayed for different finite systems with
L = 20, 60, 100 and for the infinite system. As can be
seen from the figures, finite-size effects start to play a
dominant role in the low-frequency regime for ω . 1/L.
The low-frequency behavior of the Green’s function for
L =∞ can be obtained from the Dyson equation (17) by
computing the matrix inverse analytically and by replac-
ing the k-sum with an integration
∫
dε weighted with the
non-interacting density of states ρ(ε). For D = 1 we have
ρ(ε) = 1/(pi
√
4− ε2), and the ε-integration can be done
analytically. For low frequencies, i.e. using Eq. (18), we
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FIG. 6: (Color online) The same as in Fig. 5 but for the
depleted Kondo lattice at J = 5.
then find for the Anderson case:
GAA,↑(iω) =
V
2t
1√
U/2− a↑
1√
iω
,
GBB,↑(iω) = − 1
2V t
√
U/2− a↑
√
iω ,
Gimp,↑(iω) =
1
U/2− a↑ −
V
2t
√
iω
(U/2− a↑)3/2
, (27)
while for the case of Kondo impurities
GAA,↑(iω) =
1
2t
√
a↑√
iω
,
GBB,↑(iω) = − 1
2t
√
iω√
a↑
. (28)
This perfectly agrees with the data shown in Figs. 5 and
6. As in the D = 2 case (see Fig. 4), we find a diverging
A-site quasi-particle density of states at the Fermi edge
∝ −ImGAA,σ(iω) for ω → 0 while the B-site and the im-
purity DOS vanish. In fact, for D = 2 the low-frequency
quasi-particle DOS is similar, ρ
(coh.)
A↑ (ω) ∝
√
ω−1 ln |ω|
and ρ
(coh.)
B↑ (ω) ∝
√
ω ln |ω|, but with additional logarith-
mic corrections that are traced back to the van Hove sin-
gularity of the D = 2 non-interacting density of states.
Concluding, the interaction-induced renormalization of
the low-energy one-particle excitation spectrum gener-
ates dispersive quasi-particle bands with characteristic
van Hove singularities. Let us emphasize that this is
the mean-field and Fermi-liquid picture for the excitation
spectrum which can be provided by the DMFT but which
is likely to be invalidated for D = 1 below some low-
frequency scale by coupling to bosonic long-wave-length
modes.
For the finite-size systems, the DMFT picture is ex-
pected to be more adequate as those modes are cut by the
finite-size gap. Figs. 5 and 6 show that, below a certain
frequency scale of the order of 1/L, the A-site Green’s
function behaves as GAA,↑(ω) = const. × ω−1 while for
the B-site Green’s function (and likewise for the impu-
rity Green’s function) we have GBB,↑(ω) = −const. × ω
with positive constants. According to the Lehmann rep-
resentation of the Green’s function for a system of finite
size,
Gαβ,σ(ω) =
∑
n
zαβ,n
ω − ωn , (29)
this implies that there is a pole at zero frequency, ω0 = 0,
with a finite weight zAA,0 > 0 on the A sites while zBB,0 =
zimp,0 = 0. Generally, zαα,0 = g
−1∑
m,n |〈m|c†α↑|n〉|2,
where m,n label the mutually orthogonal ground states
of the system, and g is the ground-state degeneracy.
Here, a two-fold degeneracy of the ground state arises
from the fact that, for any finite L, two eigenvalues of
the effective hopping matrix εˆ
(eff)
σ + tˆ
(eff)
σ (k) in Eq. (19)
are vanishing, namely at k = pi/2 and at k = −pi/2. The
corresponding eigenvectors have 100% A-character. The
same behavior of GAA,↑(ω) is also found for higher di-
mensions but finite L, where there is at least a two-fold
ground-state degeneracy.
XIV. CHARGE SUSCEPTIBILITY
A diverging total density of states at the Fermi edge
implies a diverging charge response to a change of the
chemical potential, i.e. a diverging charge susceptibility
κ = ∂n/∂µ where n is the average total particle number
per site. Hence, we can check the DMFT results by com-
paring with DMRG data for κ available for D = 1, finite
L and half-filling. κ is related to the charge gap,
∆c =
E0(L+ 2,Mtot) + E0(L− 2,Mtot)− 2E0(L,Mtot)
4
,
(30)
which is obtained from the ground-state energy
E0(N,Mtot) in the sector with total particle number N
and z-component of the total spin Mtot. We have
κ = lim
L→∞
1
L∆c
. (31)
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FIG. 7: (Color online) Inverse charge susceptibility1/κ as a
function of inverse system size L for the one-dimensional de-
pleted Kondo lattice. Result obtained by DMRG for different
J as indicated and for Mtot = 0. The dashed line is a fit to
the data for J = 5.
Calculations have been performed for sectors with differ-
ent Mtot. A finite κ is only obtained if Mtot 6= ±Stot, and
the results for different Mtot agree. For Mtot = Stot, cor-
responding to the symmetry-broken state that is realized
in the related DMFT calculation, however, κ vanishes
in the limit L → ∞. The reason is that particle-hole
excitations with arbitrarily low excitation energy would
have to be accompanied by a spin flip, as it has already
been discussed in Sec. XI on the DMFT level, while κ is
sensitive to the spin-independent charge response only.
Fig. 7 displays DMRG data for κ obtained for the
Mtot = 0 sector of the Kondo lattice at different J in the
strong-coupling regime and different system sizes L. As is
demonstrated by finite-size scaling for J = 5, the charge
susceptibility diverges with increasing system size. This
is fully consistent with the interpretation of the DMFT
results. The fact that κ is increasing with increasing J
can be attributed to the increasing tendency to form lo-
cal Kondo singlets at the B sites and thereby to localize
electrons at A sites.
A diverging κ in many cases indicates an instability of
the ground state towards phase separation (see Ref. 48
for an example of phase separation in a different fermion-
lattice model at half-filling): An S-shaped trend of n(µ)
with κ → ∞ for µ → µ1,2 implies that there is a fi-
nite range of chemical potentials, µ1 < µ < µ2, where
∂n/∂µ < 0, i.e. a range where a homogeneous phase
is thermodynamically unstable and where an inhomoge-
neous state composed of macroscopically separated re-
gions with different fillings has a lower grand potential.
In the present case, however, the divergence of κ orig-
inates from the van Hove singularity of the density of
states at the Fermi edge and will thus be absent for fill-
ings off half-filling. We therefore expect that there is no
finite µ range, i.e. µ1 = µ2, or, stated differently, that
µ(n) has a saddle point at half-filling rather than a max-
imum and a minimum at fillings below and above half-
filling, respectively. This is corroborated by the DMRG
calculations for N = L ± 2 where we did not find any
tendencies for the formation of an inhomogeneous ground
state.
XV. CONCLUSIONS
The periodic Anderson model with regularly depleted
impurities, or the depleted Kondo-lattice model, provide
the most simple setup to study ferromagnetic order of lo-
calized moments induced by the indirect RKKY magnetic
exchange. On a bipartite lattice with conduction-electron
hopping between nearest-neighbor sites and for a half-
filled conduction band, the period of the effective RKKY
exchange couplings is commensurate with the lattice and
is ferromagnetic if the distance between the impurities is
d = 2.
We have studied the magnetic properties of this model
on a one-dimensional chain and on the two-dimensional
square lattice in the RKKY regime, i.e. at weak hy-
bridization strength V , or weak Kondo coupling J , but
also the crossover to the strong-V or strong-J regime. Be-
sides the RKKY approach, there are several and rather
different theoretical concepts that apply to this case.
A variant of the Lieb-Mattis theorem for the Kondo
model24,26 predicts that there is a ferromagnetic ground
state with a macroscopically large total spin quantum
number Stot among the different ground states (if there
is ground-state degeneracy). In certain geometries, Stot
is less by one as compared to the naive application of the
RKKY theory, and the (finite-size) Kondo effect must be
considered in addition for an explanation.44
Perturbative approaches in the weak-coupling44 and
the strong-coupling (strong V or J) cases23 can be em-
ployed to clarify whether the ground state is degenerate
or not (apart from the trivial 2Stot + 1 spin degeneracy).
For strong V or J in particular, the concept of the in-
verse indirect magnetic exchange (IIME) explains why
there is ferromagnetic order despite the fact that the im-
purity magnetic moments are Kondo screened, namely
local magnetic moments at the intermediate A sites are
formed and couple magnetically via virtual excitations
of the Kondo singlets. For the one-dimensional case the
crossover from the RKKY to the IIME limit is nicely seen
in the local ordered magnetic moment and in spin cor-
relation functions with the help of density-matrix renor-
malization.
Another route to ferromagnetic order that may apply
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to the class of systems considered here is the concept of
flat-band ferromagnetism.29,30,32 In fact, the bipartite ge-
ometry, the restriction to nearest-neighbor hopping and
the depletion of impurities with d = 2 straightforwardly
implies the emergence of a flat band at the Fermi en-
ergy of the non-interacting (U = 0) system. This implies
that the U = 0 ground-state energy is highly degener-
ate and that the “fully polarized” state where the flat
band is exactly half-filled with spin-↑ electrons only is
among the ground states. It is remarkable that the com-
puted V - and site-dependent local magnetic polarizations
in this state already roughly capture the main trend,
namely ferromagnetic order sustained by the impurities
with mimp → 1 but mA → 0 in the RKKY limit V → 0
while for the IIME limit V →∞ we have mimp → 0 but
mA → 1 and ferromagnetism is sustained by conduction
electron localized at A sites.
The Slater determinant with a fully polarized flat band
would be the only ground state for any finite U if the
concept of flat-band ferromagnetism applies. However,
already Hartree-Fock theory shows that this is not the
case. Furthermore, comparing the predictions of Hartree-
Fock theory with the essentially exact DMRG data, we
conclude that the ground state is highly correlated rather
than a simple Fermi sea for intermediate or strong U .
Hartree-Fock theory in fact provides a fairly good but
still rough description of the symmetry broken state.
More surprising is the fact that the dynamical mean-field
theory, even for the one-dimensional case, yields quan-
titatively almost exact results as is verified by compar-
ing with the DMRG data. We conclude that the de-
pletion of the impurities drives the system to a state
which is strongly correlated (and thus different from
the static mean-field state) but where the correlations
are mainly temporal rather then spatial (and thus ac-
cessible to the dynamical mean-field approach). Tech-
nically, the finite distance d = 2 between the impuri-
ties implies that the non-local contributions to the elec-
tron self-energy become negligibly small as already the
lowest-order non-local corrections scale with the third
power of the fourth-nearest neighbor element of the non-
interacting Green’s function. This offers the exciting per-
spective that a comparatively simple DMFT approach
can be employed to quantitatively describe the indirect
magnetic coupling and the resulting magnetic order of
nanostructures in higher spatial dimensions, e.g. on a
two-dimensional metallic surface.
Future work will have to address the magnetic and cor-
related electronic structure of depleted Anderson- and
Kondo-lattice models away from the particle-hole sym-
metric point off half-filling. This brings in different new
aspects, such as, for example, the absence of a Lieb-
Mattis theorem or the incommensurability of the RKKY
couplings with the lattice constant. A rather complex
magnetic phase diagram can be expected. Furthermore,
it will be interesting to study the filling dependence of
the single-particle excitation spectrum.
Here, for the case of half-filling, we have found a rather
unconventional low-frequency electronic structure using
the DMFT, namely a gapless metallic spectrum but with
a completely filled ↑ and empty ↓ “coherent” part of
interacting density of states. Ferromagnetic order at
U > 0 has been seen to necessarily result in a finite quasi-
particle dispersion of the originally (for U = 0) entirely
flat band, i.e. a “correlated flat band” is no longer flat.
Due to the bipartite lattice structure and the manifest
particle-hole symmetry at half-filling the interacting den-
sity of states develops (weaker) singularities at the Fermi
edge which can be understood as van Hove singularities of
the low-frequency coherent quasi-particle band structure.
These result in a diverging homogeneous charge suscep-
tibility as could also be verified for the one-dimensional
case by DMRG but are not expected to drive the system
to a phase-separated state.
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Appendix A: First-order perturbation theory in U
According to Stoner’s criterion and due to the occur-
rence of a flat band at the Fermi energy, the weakly
interacting depleted periodic Anderson model at half-
filling should be unstable towards ferromagnetic order-
ing. Here, we summarize the results of first-order pertur-
bation theory in U for the Hamiltonian Eq. (1).
The mean-field decoupling Eq. (15) is exact up to first
order in U and provides us with a simplified Hamiltonian
HMF which is given by H0, Eq. (2), with tˆ(k) replaced by
tˆ(k)+Σˆ
(1)
σ , and where Σˆ
(1)
σ is a 3×3 matrix with Σ(1)α,α′,σ =
0 for all α, α′ = A, B, imp except for α = α′ = imp where
we have Σ
(1)
imp,imp,σ ≡ Σ(1)imp,σ = U(nimp,−σ − 1/2) with
nimp,σ = 〈n(c)kjσ〉. Obviously, there is no difference to the
non-interacting case for the paramagnetic state.
For the ferromagnetic state, tˆ(k)+Σˆ
(1)
σ is diagonalized
by the unitary transformation
Qˆ(1)σ (k) = Qˆ0(k)
(
1 + Σ
(1)
imp,σ∆ˆ(k)
)
(A1)
up to first order in U where Qˆ0(k) is given by Eq. (6)
and
∆ˆ(k) =
1√
2 ξ(k)3
 0 V ε(k) − 12√2V 2−V ε(k) 0 V ε(k)
1
2
√
2
V 2 −V ε(k) 0
 .
(A2)
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Therewith, up to first order in U , we find the eigenvalues
η
(1)
1,σ(k) = −ξ(k)− µ+
V 2
2ξ(k)2
Σ
(1)
imp,σ ,
η
(1)
2,σ(k) = −µ+
ε2k
ξ(k)2
Σ
(1)
imp,σ ,
η
(1)
3,σ(k) = ξ(k)− µ+
V 2
2ξ(k)2
Σ
(1)
imp,σ , (A3)
[compare with Eq. (7)] where ξ(k) =
√
ε(k)2 + V 2.
Analogously to Eqs. (10) and (11), we get the site-
dependent magnetic polarizations
m
(1)
A = m
(0)
A −
2
L
∑
k
3V 2ε(k)2
4ξ(k)5
Um
(0)
imp ,
m
(1)
B = −
2
L
∑
k
V 2
4ξ(k)3
Um
(0)
imp ,
m
(1)
imp = m
(0)
imp +
2
L
∑
k
4V 2ξ(k)2 − 3V 4
4ξ(k)5
Um
(0)
imp .
(A4)
The non-interacting values are given by Eq. (12). Note
that mA + mB + mimp = 1. The first-order effect of the
Hubbard-type interaction is thus to increase mimp and
|mB| and to decrease mA.
The total energy of magnetic ground state,
EF = − 4
L
∑
k
ξ(k)− U
4
(n2imp +m
2
imp) (A5)
(nimp = nimp,↑ + nimp,↓) is lower than the energy of
the paramagnetic state which is obtained by setting
mimp = 0 and which is equal to the total energy of the
non-interacting system.
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